Abstract. In this note we show that there are 4-manifolds not containing Gompf nucleus N 2 ; in this way we answer Problem 4.98 of Kirby's problem list (see K]) in the negative.
Introduction
This note is devoted to answer a question in Kirby's problem list K] asking whether every simply connected smooth 4-manifold with b + 3 contains a Gompf nucleus N 2 (Problem 4.98 in K] ). We prove that by doing logarithmic transformations on three linearly independent tori in the K3 -surface we get a 4-manifold not contaning N 2 . To make our statements more precise we need a few de nitions.
The hypersurface X = f z 0 : z 1 : z 2 : z 3 ] 2 C P 3 j P 3 i=0 z 4 i = 0g C P 3 is a simply connected, smooth 4-manifold with c 1 (X) = 0, hence it is a K3-surface. It is known that all simply connected complex surfaces with vanishing rst Chern class are di eomorphic, consequently from the di erential topological point of view X is the K3 -surface. The complex surface X admits a holomorphic bration : X ! C P 1 such that the generic ber is a smooth elliptic curve | a 2-dimensional torus. Such brations are called elliptic brations. It can be assumed that has a singular ber homeomorphic to the 2-dimensional sphere S 2 | such bers are called cusp bers. The bration also has a section : C P 1 ! X, the image of which is a sphere S X with square S] 2 = ?2. The Gompf nucleus N 2 is by de nition the tubular neighborhood of the union of a cusp ber and a section in X. The manifold N 2 admits a handle decomposition with one 0-handle and two 2-handles, where these two 2-handles are attached to S 3 = @(0 ? handle) according to the Kirby diagram shown in Figure 1 . It can be shown that the K3 -surface X contains three disjoint copies of N 2 . If a 4-manifold M 4 contains a 2-dimensional torus T with square 0, then we can perform a logarithmic transformation on T: deleting the tubular neighborhood of T (which is di eomorphic to D 2 T 2 ) and regluing it via a di eomorphism ': @(M nD 2 T 2 ) ! @(D 2 T 2 ) we get a new manifold M ' . It turnes out that if T is the ber in a Gompf nucleus N 2 M, then the di eomorphism type of M ' will depend only on one nonnegative number p associated to '. This number is called the multiplicity of the logarithmic transformation. For more about elliptic surfaces, nuclei and logarithmic transformations see G], FS1] and GS]. Now perform logarithmic transformations of multiplicity 2 on the three tori contained by the three disjoint nuclei in the K3 -surface X. The resulting manifold will be denoted by X 2;2;2 .
Theorem 1.1. The 4-manifold X 2;2;2 does not contain a Gompf nucleus N 2 . Remark 1.2. One of the most interesting questions in 4-manifold theory is whether all 4-manifolds are of simple type or not. (For the de nition of simple type see Section 2.) It is known that if M 4 contains a homologically essential torus with square 0, then M is of simple type. There is no example of a 4-manifold with b + 3 and not containing a torus with square 0. One can ask whether every 4-manifold contains a cusp neeighborhood (a tubular neighborhood of a cusp ber) | or even a Gompf nucleus N 2 . The above theorem shows an example of a manifold which contains no N 2 ; X 2;2;2 is still of simple type, however.
One can modify the question by trying to nd more general nuclei N n in 4-manifolds. The manifold N n is described by the Kirby diagram shown in Figure 2 | it can be de ned alternatively as the tubular neighborhhod of the union of a cups ber and a section in a simply connected elliptic surface (admitting a section) with Euler characteristic 12n (see G]). Theorem 1.3. For every n there is a manifold Y n such that Y n does not contain N n . 3. Proofs of Theorems 1.1 and 1.3 Assume that T 1 ; T 2 and T 3 are three tori in the K3 -surface lying in three disjoint Gompf nuclei. Perform logarithmic transformations of multiplicity 2 on each T i . The basic classes of the resulting manifold X 2;2;2 are determined by Fintushel and Stern FS2] .
Proposition 3.1. The basic classes of X 2;2;2 are the Poincar e duals of the homology classes ]) g = 0 implying that g T i ] = 0 (i = 1; 2; 3). These latter equations show that g = P 3 j=1 j T j ], and we have the same contradiction as before.
Remark 3.2. Note that the proof given above also shows that no N k with k n embeds in Y n = X 2n;2n;2n .
